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Abstract 

In this paper we calculate kinetic, potential and full energy with three- and four-particle direct correlations 
taken into account at wide temperature region on the base of the density matrix of the interacting Bose-particles 
[1. O. Vakarchuk, O. 1. Hryhorchak, Journ. Phys. Stud. 3, 3005 (2009)]. In the low temperature limit the obtained 
expression for the full energy is equal to the wellknown expression for ground state energy in the approximation of 
“two sums over the wave vector”. The results of this work can be applied for the numeric calculation of the heat 
capacity of liquid ^He in order to check the theoretical and experimental results quantatively, especially in the 
A-transition region. 


1 BcTyn 


PoapaxynoK BHyTpimHboi eneprii TaKo’i 6araTo6o30HHoi‘ cncxeMH, sk pi;i,KHH Mae /tOBOJii /taBHio icxopiio. Bejin- 
KOK) MipoK) pe noB’aaano is nparnenHaM xeopexHUHO onncaxH A-nopidnuH xip kphboi xenjioeMHOCxi b OKOJii xoukh 
(|)a30Boro nepexopy. Uepmi xpoKH 6yjiH apodjieni b nanpaMi HadjiHJKeHoro oduHCJienHa eneprii ocnoBHoro cxany i 
eneprexHUHoro cnexxpy piei’ cncxeMH ipe BorojiiodoBHM [1] MahiKe ciMpecax poxiB xoMy. nianime Bin paaoM ia 3y- 
6apeBHM y po6oxi (2] aHaiimjiH xBHjiBOBy (]3yHKpiK) ochobhofo cxany, a xanonc xBHjiBOBi (JiynKpii nnjKnix Bdypncennx 
pinniB pjin cjiadoneipeajiBnoro 6o3e-ra3y 3 ponoMoroio Mexopy KOJieKXHBnnx aMinnnx. 

B rpannpi annKaione Majio’i BaaeMoph eneprin ocnoBnoro cxany doae-cncxeMn 6yjia nnepme KopeKxno ananpena b 
po6oxi [3]. PoapaxynoK npoBopnacn 3 BHKopncxannnM nccBpoxenpiajiy. 

UocjiipjKennn xepMopnnaMinnnx (]3ynKpiH ocnoBnoro cxany pipnoro ^He, aonpcMa BnyxpimnBOi eneprii’, b nadjin- 
ncenni BnipoMy, nine nadjinncenna Borojno6oBa, 6yjio npoBepeno b papi po6ix HEIEIE]. SaBpaKH pHM podoxaM 6yjio 
noKaaano, ipo Bpaxyaannn xpn- xa noxnpnnacxnnKOBHx Kopejiapin nonpaipye ananennn pjin eneprii ocnonnoro cxany. 

Tpoxn 3ropoM b po6oxax 00 3 ponoMoroK) pBonacoBHx xeMnepaxypnnx (]3ynKpiH Ppina dyjin oxpnMani Bnpaan 
pjin xepMopnnaMinnnx (]3ynKpiH pipnoro ^He b mnpoKOxeMnepaxypnoMy pianaaoni. 

B nipxopi KOJieKXHBnnx aMinnnx xepMopnnaMinni (]3ynKpii 6araxo6o3onnoi chcxcmh b mnpoKOxeMnepaxypnin o6jia- 
cxi 6yjiH ananpeni b po6oxi [10] . PoapaxynoK npoBopnacn aa ponoMoroio ycepepnennn a Maxpnpeio rycxnnn BaaeMO- 
piionnx doae-nacxnnoK b nadjinncenni napnnx Kopejinpin. VaropiKennn a eKcnepnMenxajiBnnMn pannMn oxpnMannx 
peayjiBxaxiB pjin Kinexnnnoi, noxenpiajiBnoi xa noBnoi eneprii e pocnxB podpnM [III[I21II31E] , opnaK nenoBnuM. Ue 
BejiHKOK) MipoK) noB’naano a xhm, ipo pjin Maxpnpi rycxnnn 6yjio Banxo jinme nadjinncenna napnnx Kopejinpii. JIjir 
6ijiBm xonnnx peayjiBxaxin noxpidno npaxynaxH xpn- xa noxnpnnacxnnKOBi Kopejiapii. 5Ik nipoMO m\ Ml 


, IX BnecoK B 


ananennn xepMopnnaMinnnx (JiynKpin Monce BnaBnxncn pocnxB anannuM. Bpaxynannn Bnecnin xpn- i noxnpnnacxnn- 
KOBHx Kopejinpiii y nnyxpimnio enepriio 6araxo6o3onnoi cncxeMn i e npepMexoM piei podoxn. 
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BnBHeHHa TepMo;i,HHaMiHHHx BjiacTHBOCTefi ^He CBoro;i,Hi npoBo;i,HTBca ne tIjibkh pinKorop^ [T8l [T7] raso- 
no;i,i6Horo cxany [20] , Garaxo poGix npHCBa^eni i TBep;i,OMy cxany |25[ I24[ 1231122[ I21j . Akthbho BHBHaexBca TepMo;i,H- 
HaMiKa njiiBOK |28[ [26l [27] xa cyMiinefi [301129] ' a xaKOJK noBe;i,iHKa ^He b pisHHx ceppxoBB TTT ax |33[ (32] [3T . 


Bapxo xaKOJK sayBaiKHXH, ipo BajKjiHBe SHanenHa y ;i,ocjii;i,iKeHHi BjiacxHBOCxefi pi;i,Koro ^He xa BHaaenni hofo 
xepMo;i,HHaMiaHHx (]3yHKi;iH Bi;i,irpaK)xb ancejiBHi Mexo;i,H pospaxynKy, soKpeMa xaxi ax: ;i,H4)y3iHHHH Mexo^i, Monxe 
Kapao (;i,ocai;i,iKeHHa ocnoBHoro cxany) [361135[ 134] , Mexo/i, Monxe-Kapao 3 BHKopacxaHHaM inxerpaaia 3a xpaexxo- 
piaMH [371 [39l [38] an (jDynKpia Fpina [40] . “He3Miiii,eHHH” mcxo/i, Monxe-Kapao (unbiased Monte Carlo) [41] . ripu 3a- 
cxocyBanui ara^auax aaceaBHHx Mexo;i,iB nocxae npobaeMa 3a;i,aHHa MiacaxoMuoro noxeupiaay B3aeMo;i,ii b reaii. ^aa 
pboro B pi3HHH aac BHKopucxoByBaau noxeupiaa Caexepa-KipKBvaa|42|. JleHap;i,a-^5KOHca [441143] . Aaiaa-CaaMaua 
16] . SacxocoByioxb xaKoac noxeupiaan, axi spaxoByioxb baraxoaacxHuxoBi xopeaapii, 30xpeMa xpuaacxHHxoBi 
I . KopucHHM xaxoac e noxeupiaa Axcuabpopa-Teaaepa [48] , axua spaxosye pHnoab-punoab-punoabHi B3aeMopii‘ xa 
anaalxuaHHii noxeupiaa napirua-^Hxcxpa [49] . iHinuu nipxip po piei npobaeMu bya aanponoBaHuu y poboxax (8] [50 


pe MiacaxoMHHH noxeupiaa B3aeMopii bya aipHOBaenuu 3a excnepuMeHxaabHUMH pauuMu. PeayaaxaxaMu caMe paoro 
nipxopy mh cxopucxaeMOca paa npoBepenua auceabunx poapaxynxia a piii poboxi. 


B HaniHx nonepepuix cxaxxax [511152[ [53] byaa auaiipeHi Maxpapa rycxaaa, cxaxacxaaaa cyma, pBO-, xpa- i aoxa- 
paaacxaaxoBi cxpyxxypai (]3axxopa b aiapoxoMy iaxepaaai xeMaepaxyp i3 apaxyaaaaaM apaMax xpa- xa aoxapaaa- 
cxaaxoBax xopeaapia. OxpaMaai peayaaxaxa cxaaa ocaoBOio poapaxyaxy aapaaiB paa xiaexaaaoi, aoxeapiaabaoi’ i 
aoBaoi’ eaepria baraxobo3oaaoi’ cacxeMa b aabaaaceaai “pBOx cyM xa xBaaboaaM aexxopoM”. Haceaaaaa poapaxyaox 
xepMopaaaMiaaax (]3yaxpia apoBopaaca 3 ypaxyaaaaaM paaiaie 3aaapeaoi‘ e(]3exxaBaoi’ Maca [54] . OxpaMaaaa Bapa3 
paa aoaaoi eaeprii a rpaaapi aaaaxax xeMaepaxyp yaropacyexbca 3 yace aipoMUM pe3yabxaxoM [4]. 


2 Enepria, pospaxoBana na ochobI MaxpHij;! rycTHHH B3aeMo;];iioHHX 6o3e- 
HacTHHOK 6e3 BH^ijieHHa MaxpHij;! rycTHHH i^eajiBHoro 6o3e-ra3y 


B poboxi [52] byaa oaaapeaa cxaxacxaaaa cyMa baraxobo3oaaoi‘ cacxeMa b aabaaaceaai “paox cyM 3a xBaaboauM 
aexxopoM” i3 apaxyaaaaaM apaMax xpa- xa aoxapaaacxaaxoBax xopeaapia aa ocaoai Maxpapi rycxaaa BoaeMopiioaax 
bo3e-aacxaaox be3 aipiaeaaa Maxpapi rycxaaa ipeaaaaoro bo3e-ra3y y aacxyaaoMy Baraapi: 
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5Ikiii,o CKopHCTaxHca BHpaaoM Q CTaTHCXH^Hoi’ cyMH i 3ri;i,HO 3 4)opMyjioK) 


£ = -|lnZ 


3HaHXH BHyxpiniHK) enepriio 6araxo6o30HHoi‘ cncxeMH b Ha6jiHJKeHHi “;i,box cyM 3a xbhjibobhm BexxopoM”, xo bhhbhxbcs, 
mo B xpaHHpi HH3BKHX xoMHepaxyp Bona noBo;i,HXBca npaanjiBHO i nepexo;i,HXB y bjko Bi;i,OMHH (4] Bnpaa, naxoMicxB 
B xpaHHpi BHCOKHx xoMHepaxyp /i,ae HeKopeKxni peayjiBxaxn. I^e noB’aaaHO 3 xhm, ipo i cxaxHCXHHna cyMa, skoio 
MH CKopncxajiHca poapaxynxy, ne nepexo;i,HXB y KjiacHHHHH Bnpaa npn bhcokhx xeMnepaxypax, sk pe 6yjio 
noKaaano panirue [52] , ^Jia xoro, iii,o6 oxpHMaxn kopokxhhh Bnpaa pjia eneprii, hkhh 6h paaaa npaanjiBni peayjiBxaxn 
SK B xpaHHpi HH3BKHX, xaK i B xpaHHpi BHCOKHX xcMHcpaxyp, noxpiGno poopaxyHOK eneprii npoBopnxH 3 Maxpnpeio 
rycxHHH B3aeMopiK)HHx 6o3e-HacxHHOK i3 BHpijienoK) Maxpnpeio rycxHHH ipeajiBHoro 6o3e-ra3y. 


3 Eneprin, pospaxoBana na ochobI MaxpHij;! rycTHHH BsaeMo^iioHHX 6o3e- 
HacTHHOK 3 BH^ijiGHOK) MaTpHpelo rycTHHH i^eajTBHoro 6o3e-ra3y 

CepepHK) enepriio chcxomh N 6e3cniHOBHx 6o3e-HacxHHOK 3 KOoppHHaxaMH (ri,..., rjv) Moncna 3anHcaxH nacxynHHM 
hhhom: 


E = (H) ^ (K) + (it), 


H — raMijiBxoHian BKa3aHoi’ chcxomh, K — onepaxop KinernnHoi’, a 4> — noxeHpiajiBHo’i eneprii: 
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ycepepnenna npoBopnxBcn 3 Maxpnpeio rycrann B3aeMopiK)nHx 6o3e-nacxHHOK i3 BpaxyBannaM npnMnx xpn- i noxn- 
pnnacxHHKOBHx Kopejinpin i3 BHpijienoK) Maxpnpeio rycxnnn ipeajiBHoro 6o3e-ra3y: 


R{p\p) = R%{r\r)Ppair{p\p)P{p\p) = R%{r\r')e^p[U], 


( 8 ) 


pe R^{r\r') — Maxpnpn rycxnnn HeB3aeMopiK)nHx 6o3e-nacxHHOK, Ppair{p\p') — (JiaKxop, hkhh npaxonye napni Kope- 
jinpii, a P{p\p') — (JiaKxop, hkhh npaxonye npHMi xpn- i noxnpHnacxHHKOBi Kopejinpii. 
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nnHH U Mae Hacxynnnn Bnrjinp: 
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;i,e iH;i,eKCH ^1, ^2) ^3)ii)^2 npo6iraK)TB anaHenHa 0,1. Snaaenna 1 Bi;i,noBi;i,ae npacyTHOCxi nixpaxa 6ma Bi;i,noBi;i,HOi 
BeaaaHHH, a anaaenHa 0 — Bi;i,cyTHOCTi; 
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5lBHi Bapaaa ;i,aa BeaaaHH Cq , C2, C3, C4 e ;i,OBoai rpoMia;i,KHMH i HaBe;i,eHi y poOoxi [53] . 
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4 Cepe^HH KineTHHHa eneprin 

CKopacxaeMOca peayabxaxaMH poOoxa [10] i aanameMO Bapaa ;i,aa KinexHaHoi’ eneprii b HacxynHHH cnociO: 
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;i,e Bi/i, BejiHHHHH (3' aajiejKaxB jinine napHnii 5'o(gi), i = 1, 2, 3 i xpHHacTHHKOBHH 5*0 {qi-, q2-, Qs) cxpyKxypni cjDaKxopn 
ifleajiBHoro Gose-raay. 

B pesyjibxaxi BejiH^HHH \Ki) oxpHMaeMO xaKHH Bnpaa: 
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Tenep nepeH,zi,iMO ,3,0 poapaxynKy nacxynnHx cepe,zi,Hix ( K 2 ) i ( K 3 ), Bnpaa ,zi,jia skhx jiexKO aanncaxH, CKopncxaB- 
niHCB peayjibxaxaMH po6oxH 


(kX = -^(^ + [V,X]^) 




2m 


\r{=ri,...r'j^=rN / , 


\j = l 




N 




(1=1 


51kiii,o nepefixH ;i,o npe,zi,cxaBjieHHa KOJieKXHBHHx SMinHHx, xo ,zi,jia BejiHHHH ( K 2 ) i ( K 3 ) oxpHMaeMO Hacxynni anpaan 


Kn) = 


+ 


E 

kiT^O 

1 


rPkl 

2m 


dU 


d^U 


Pki 


EE 

k-ipO k27^0 
ki+k27^0 


^Pki 

/{^(kik2^ 

2m 


/3ki+k2 


5pki<9p_ki ^ ^ 

^Pkl^Pk2 ^ 


A-/ 


dU dU 


\ (9pki ^P-ki ' 

/ at/ at/ 

+ (aki+k2 


a^ki d p\^2 


(20) 


K-.) = 


1 ?Pkl 

2 2m 

kiT^O 


' at/ \ 


a^t/ \ ^ / dU dU 


apkiap_ki / \apki ap_ki 


5 









































1 (! S^U \ / du du 

^ ^ ( ( pki+k, a. a. ) + ( pk.+k. 


2v^ k-^^ok-^o 2m 


(21) 


^/0kl^/0k2 / \ ^/Okl ^/0k2 / / 

ki+k27^0 

SnaK cepe;i,Hboro (...) tjt anoBy Mae smIct ycepe;i,HeHHa 3 MaTpnpeK) rycxHHH B3aeMo;i,iK)HHx 6o3e-HacTHHOK ia 
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ki+q2+q3=0 


18 4 

i EE C*3 (ki, q2, q3)(p_q2P—q3Pq2Pq3) ^ ^ ^ C*4(ki, q2) (Pq2P—q2 ) 


q2 7^0 q3 7^0 
ki+q2+q3=0 


q2 7^0 


6 























, ^ ^^(kik2) / 6 ~ Afc^Afcj 

S ^^<^3(ki,k2,-ki - k2)(pki+k2P-ki-k2) H-— (Pki+k2P-kiP-k2) 

ki^0k2^0 I V A/ 

ki+k27^0 


4 


\/]V 


C'3(ki, k 2 , -ki - k 2 ) (Afc^ (pki+k 2 P-ki-kiPkiP-k 2 ) + Afc 2 (Pki+k 2 P-ki-k 2 Pk 2 P-k 2 )) r ■ (26) 


AnajiGrinHO, BejiHHHHH ( Kg ) MaTHMeMo: 


^^3) = E 


^ ^^ (Afci + l)(pkiP-ki) - 2C'2(ki)(2Afc^ + l)(pkiP-ki)- ^ + 2C'2(ki) 


2m 2 


kiT^O 

3(2Afc, + 1) 
^/N 


EE C'3(kl,q2,q3)(pkiPq2Pq3) - 


q2 7^0 qsT^O 
ki+q2+q3=0 


4(2Afej^ + 1) 

N 


C'4(ki,q2)(pkiP-kiPq2 P-C 12 ) 


q2 7^o 


+ N 


30 4 

"'’EE 6^3 (kl; q 2 5 q3)(/5-q2P-q3/5q2/5q3) + ^ ^ ^ 6^4 (ki, q 2 ) (Pq 2 /3-q2 ) 


q2 7^0 q3 7^0 
ki+q2+q3=0 


q2 7^0 


1 ^^(kik2) (6 1 ^/ \ , Afc^Afc2 , \ 

- 7 ^ 2^ 2^ ——S-7^<-.3(ki,k2,-ki - k2)(pki+k2P-ki-k2) H-^—(Pki+k2P-kiP-k2) 

ki7^0k2 7^0 IViV 


ki+k27^0 


6 


\/]V 


C'3(ki,k2, -ki - k 2 ) (Afci(pki+k 2 P-ki-k 2 PkiP-ki) + Afc 2 (pki+k 2 P-ki-k 2 Pk 2 P-k 2 )) ^ • (27) 


ni;i,CTaBHBinH y (26) i (27) Bi;i,noBi;i,Hi BHpaan Bcix cepe;i,Hix (...) (bohh e HaBe;i,eHi b poGoxi [53] ) i o6MejKHBinHCB 


Ha6jiHiKeHHaM ‘Abox cjm aa xbhjibobhm BeKxopoM”, oxpHMaeMo: 




23 


li,) + (kz) = E 


f Afc, So{ki) 


kiT^O 


_ n ) 

2m 1 4 


^^(fci)-2C'2(ki)Afc 


3Afc 


1 + Afc^5'o(fci) 

4Afci ^ ^ So{ki) 


(f E E ,q3)<5^^Hki,q2,q3)-^ ^ C'4(ki,q2) 


+ (2C'2(ki)-C'2(ki)) 

So{q2) 


q2 7^0 q3 7^0 
ki+q2+q3=0 


q2 7^o 


1 + \kiSo{ki) 1 + Ag2<S'o(A:2) 


18 


+ ]y E E ^3(ki,q2,q3) 


q2 7^0 q3 7^0 
ki+q2+q3=0 


SoM So{qs) , ^ ^ \ ^ <^ 0 ( 92 ) [ 

1 + A,2^o(92) 1 + a,3^o(93) £0 ' “ 


iSo{q2) j 


— E E 

VN ^ ^ 2m 1 ^/N 

^ kiT^OksT^O 


R"(klk2) f 6 (Cj,(kj_k2,-ki-k2)-C3(ki,k2,-ki-k2)) S„(|ki+k2|) 


ki+k27^0 


+ 


Afci Afc 


1 + A|ki+k2|'^o(|ki + k2|) 

Soih) So(|ki + k2|) 


4 ki k2) ^C3(ki,k2, ki 


+ Afc2 


So{k2) 


'S'o(|ki + k2|) 


1 + Afc2<S'o(A:2) 1 + A|ki+k2|'^o(|ki + k2|) / J 

S{ki), , q 2 , q 3 ) — pe pBO- i xpH^acxHHKOBHH cxpyKxypHHH 4)aKxop BipnoBipHO 


(28) 


5 Cepe^HH noTenpiajibHa eneprin 


B npepcxaBjieHHi KOJieKXHBHHx SMiHHHx noxenpiajiBHa enepria ([^ aanninexbca xax: 


^ A^(A^- 1) V- / 

^ ^ E '"a(^q^-q “ !)• 


2V 


ci^O 


(29) 


7 

































(30) 


Bepy^H ;i,o yBarn sbhhh Bnrjia/i, j\jir BejiHHHHH S{q) = (pqp_q) [53j . a xaKOJK piBnicTb 

N 2 n 

cepe;i,HBoro SHanenHa noxeHpiajiBHoi’ eneprii oxpHMaeMO nacxynHHH Bnpaa: 


(4>) = 


7v(jv-i) V- fiy 2 


^o(g) 


2V 




1 


1 / 2 1 \ 


1 + \qSo{q) 

1 A 


2N ^ 8 m 

qiT^o 


E 


92 


^0^^ (qi,-qi,q2,-q2; 


1 v-^ fl^ . 2 -, \ 

qiT^o 


[1 + Aq^5'o(gi)]2 ^ 1 + Xq2So{q2, 

q2 7^u 

_\ ^92 _ Ks 

[1 + Aq,5'o(gi)]2 ^ + ^92'S'o(g2) 1 + A53 5'o(g3) 


'^o^^(qi,q2,q3) 


n 2 


qi+q2+q3=0 


So{qi 


.So*™ ^ "■ ^ri + A,.So(«i)P 


EE C'3(qi,q2,q3) 


q2 7^0 qsT^O 
qi+q2+q3=0 


X 


‘^o^\qi,q2,q3) 


8 ^ i 2 1 \ 

+ Er 


Sl{qi 


Soiq 2 


[1 + Xq^So{q 2 )][l + Xq^Soiqs)] N 8m 


Soiqi 


^^2 / 2 -IN 

^ N ^ ~ [l + A„,^o(^?i)]2 ^ ^ 

qiT^O ^ qa^OqsT^O 

qi+q2+q3=o 


[1 + A,.So(«i)l^ l + A«So(92) 

q2 7^u 

So{q2)So{q3) 


J2 Y1 <^l(qi.q2,q3) r . " 


o( 92)][1 + Agg5o{93)] 


(31) 


3 HanHcanoro BHipe Bnpaay ncxpiGno BHKaioaHXH BeaHanny uq. 3po6hxh pe Moacna 3 ponoMoroio piBHOCxi m-- 

Nd^Eo 


c^ = 


(32) 


m dN‘^ ’ 

pe c — niBHpKicxB nepinoro 3ByKy b 6o3e-CHCxeMi npn xeMnepaxypi aGcoaioxHoro nyaa, N — KiaBKicxB aacxHHOK, m 
— Maca aacxHHKH, Eq — enepria ochobhofo cxany b HaGaHacenni “pBOx cyM 3a xBaaBOBHM BexxopoM”. Bapaa paa Eq 
MH oxpHMaeMO xpoxH 3ropoM i noKaaceMO, ipo Bin 36iraexBca 3 BipoMHM pe3yaBxaxoM [3]. 

Oxoac paa BeaaaaHH uq 6ypeMO Maxa: 


Uo = 


P 


me 


'+-E' 




Oin 


8 N ^ an \ ^ an) 4:8mN‘^ 


q^O 


EEEK/-|-V‘)+</:- 


, 2 / 2 /^ , /l/^ 


qiT^O q2 7^0 qsT^O 
qi+q2+q3=0 
2/ 9-/A2 


fs 


+ 


fi 


-2/1 


+ fi- 


, 2 /'' + 2(/')2 , 4 / 2 /'/'+/!/'' 2 /|(/', 


+ 


-2/1 


V fs fi fi 

Tyx p — pe rycxHHa 6o3e-CHCxeMH. Ham BHpa3H paa BeaaaHH /i, /2, /3, /4, /{, /I, /I, /I, //, /I', fi, fi naBepeni b 
A opaxKy 2. 

5lKipo xenep 3i BHaiipeHHx cepepnix (^K23^, BHpiaaxa xiaBKH BnecKH aip napnax Kopeaapia i popaxa 

i’x, xo Ma oxpaMaeMO Bapa3 paa cepepaBOi eaeprii b aa6aaaceaai aapaax Kopeaapia, aaaa 36iraexBca 3 yace aipoMaM 


E = N- 


.mc 


1 


+ V_ - _+ - V 

2—^ — 1 9 2 —^ 


+ 


E' 


CXr, 


^q 1 2 , 'S'o(g) 

+ 4 Z^^9(\ + «9 - !)■ 


1 


1 


2 sh[P£q] 


2 ^ 1 + XqSo(q) dp 


+ XTe, (1-4 

ai 


16 z^-'^ 

97^0 


qT^O 

a, - 4 _ 4a^) . 


1 -|- Aq5'o(g) 


(33) 
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6 KineTHHHa, noTeHij;iajibHa i noBHa eneprin b rpaHHu;! hhbbkhx xeMne- 


paxyp 


B rpaHHi;i hhsbkhx xeMnepaxyp napHHH cxpyKxypnHii 4)aKxop i;i,eajibHoro 6o3e-ra3y piBHHH o, x tthpt tt i , a hofo noxi- 
;i,Ha no oGepnenin xeMnepaxypi pinna nyjno. Bpaxonyronn ni/i^OMi nnpaan f\jiR ;i,bo- i xpnnacxnnKOBoro cxpyKxypnoro 
4)aKxopa B rpannpi nnaBKnx xeMnepaxyp [53J . a xanonc xe, n],o 




lim C' 2 (qi) 

f}—>oo 

lim C'3(qi,q2,q3) 
/3—>-oo 

lim C' 4 (qi,q 2 ) 
/?—>-00 


i lim C' 2 (qi) = ia 2 (qi), 

Z /3—>-oo Z 

lim C3(qi,q2,q3) = ^a3(qi, q 2 , qa), 
/3^oo 0 

lim C'4(qi,q2) = ^a4(qi,-qi,q2,-q2), 

p—^oo o 


(34) 


a3(qi,q2,q3) = 


E {wj){c^q, - !)(«?,■ - 1) 

l<i<j<3 


3 

E 

j=i 


2 E q^Qig,' 


(35) 


(qi + q2)E|(qi + q2, -qi, -q2) + (qi - q2)^a3(qi " ^2, -qi, q2) 

qfaq^ + qlaq^ 

[(qi,q2 + qi)(Qgi - i) + (q2,qi + q2)(Qg2 - i)]a 3 (qi + q2, -qi, -q2^ 

qlaq^ + ql^q^ 

[(qi,qi - q2)(Qgi - i) + (q2,q2 - qi)(Qg2 - i)]a 3 (qi - q2, -qi,q2) 


2^2/ 


a4(qi,-qi,q2,-q2) = 


(36) 


a2(qi) = 


q2 7^o 


Q2 ( (q2,qi + q2) . 

2—a 4 (qi, -qi, q2, -q2) H-2-a 3 (qi, q2, -qi - q2; 


2 qfaq^ 


q^a 


<7i 


(37) 


cepe;i,nBOi Kinexnnnoi eneprn b rpannn,! nn3BKnx xeMnepaxyp anan/i^eMO xannn Bnpaa: 


K 


1 h‘^q‘^ {aq — 1)^ 1 


E 


4 ^ 2m an. 


+ S7v E E E 


fi^q 


1 ‘^<71 1 


^ ^ 2m aq, 

qiT^O q2 7^0 ^ 

qi+q2+q3=0 


n 


an — 1 


• 1 ^qi 


1 ^ h^qf a^ 1 

74-a2(qi) 


2N ^ 2m a^„ 

qiT^O 91 


1 y^q^ aq — 1 1 T?q^ c^q 1 


2A^ ^ ^ ^ 2m di 

Jl7^0q2 7^0 qsT^ 
qi+q2+q3=0 


, , , ^n.OLq,,aq,, ' ' 4iV ^ ^ 2m 

qi^0q2 7^0q3 7^0 9l 92 93 qi^0q27^0 9l 92 


a4(qi,-qi,q2,-q2; 


1 

+ 


EEE 


dql 


1 


2N ^ ^ ^ 2m a^joano 

qi^OqaT^OqsT^O 9l 92 <73 

qi+q2+q3=0 

Otq-^ Otq 2 1 


ai(qi.q 2 ,q 3 )-^E ^ ^!^ ( 

qiT^O q2 7^0 


‘^i7i‘^<72‘^|qi+q2| 


a3(qi,q2,q3; 


^^2 ^^3 

Anajiorinno, ;i,jia cepe;i,nBoi‘ noxenpiajiBnoi eneprii 6y;i,eMO Maxn: 

.2 

■ 

16 


^) = N 


me" 




q^O 


2m 


at 


aq 


1 .4a^']+^^Va? 1 


a 


8m aq, 

q^O 


(38) 
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1 fc2.2 




frqf aq^ + 1 


+ ^ E E E 

qiT^O ci2^0 qsT^O 
qi+q2+q3=o 


qiT^O q2 7^0 qsT^O 
qi+q2+q3=o 


^Qi 1 


+ 


1 


EEE 

qiT^O q2 7^0 qsT^O 
qi+q2+q3=o 


2m 

a -1- 

^91 

to 

h^to 

*^91 ~ ^ 

2m 

*^51*^92*^93 


a^ — 1 

^91 

2m 

*^51*^92*^93 


a 




1 ^ Jl^qi CXq-^ 1 . 

+ ^ E 

qiT^O 91 

^2^2 ^,2 


a3(qi.q..q3) +i: I] ^^«4(qi, 

qi^OqsT^O 91 92 


-qi,q2,-q2. 


a: 


i(qi>q2,q3)- 


(39) 


MH 


^o;i,aBinH BHpasH j\jir cepe;i,Hix SHaqenB KiHexHqHOi i noxenplajiBHOi enepriH xa npoBiBnin Heo6xi;i,Hi nepexBopenHa, 
oxpHMaeMO BejinqHHy cepe;i,HBoro anaqeHHa noBHo’i eneprii b xpaHHpi hhsbkhx xeMnepaxyp b xaKOMy BHrjia;i,i: 

E E E[n!+.i+.a 




16 ^ 2m 

q^O 


at 


-an + T 1 + 




48mA^ 


qiT^O q2 7^0 q3 7^0 
qi+q2+q3=0 


2n 


X 


1 - 


1 - 


1 - 


a 


91 


a 


92 


a 


93 


E - l)(a9i - 1) 

3 

*^91*^92*^93 y 2 Q-j^qj 


1 = 1 


/l" 

24mN 


EEE E (q-q^) (i - ^) (i - 


qiT^O q2 7^0 q3 7^0 l<i<l<3 
qi+q2+q3=0 


a 


(40) 




I^eii BHpas ocHOBHoro cxany 6araxo6o30HHOi cncxeMH 36iraexBca 3i 3HaH;i,eHHM paniine 


7 KineTHHHa, noTeHij;iajTbHa i noBHa eneprin b rpaHHu;! bhcokhx TeMne- 
paxyp 


B rpaHHpi bhcokhx xeMnepaxyp napHHH, xpn- i HOXHpHHacxHHKOBHH cxpyKxypni 4)aKxopH 6araxo6o30HHoi’ CHCxeMH 
nepexo;i,HXB y Bi;i,noBi;i,Hi BHpaan i;i,eajiBHoro 6o3e-ra3y, a Bci BHecKH ni^i, xpn- i HOxnpHHacxHHKOBHx Kopejiapin 
cxaioxB piBHHMH HyjHO [53] . To My noniyK OHaqeHHH KiHexHHHOi eneprii' b rpaHHpi bhcokhx xeMnepaxyp 3 bo;i,hxbch ;i,o 
H acxyHHOi oa^ani: 


lim (K)= lim -, 

/3^0 \ / /3^0 ^ zT - 1 


(41) 


ocKijiBKH Bci in iTT i ;i,o;i,aHKH y 3ra;i,aHiH Bn in e rpaanpi piBni Hyjiio. Bnpao (41) mIcxhxb BejiHHHHy zq = exp[/3/i] {fj, - 
pe xiMiqHHH HOxeHpiaji), nna HaoHBaexBcn aKXHBnicxB. YMOBy pjia ii BHonaneHnn Moncna oanncaxH phm piBHHHHHM: 

1 




- 1 


= N, 


(42) 


pe — HHCJio nacxHHOK b 6o3e-CHCxeMi. B rpanHpi bhcokhx xeMnepaxyp zq —)■ 0, xoMy Hanncany BH in e yMony Moncna 
HopaxH B xaKHH cnoci6: 


2 o ^ e = N. 

ci^O 

riepexopHHH B pin piBHOCxi Bip nicyMOByBaHHH po inxerpyBaHHH, 6ypeMO Maxn: 


Zo 


4ttV 

{ 2 tt)^ 


OC 

0 




N. 


(43) 


(44) 
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3Bi;i,CH 



4p \Tih?) 


(45) 


ni;i,CTaBHBinH moHHO oxpHMaHHH pesyjiBTax y piBnicxb (41), npoBiBinn Bi;i,noBi;i,Hi cnpomenna i nepeiiinoBinH Bi/i, 
ni;i,cyMOByBaHHa ;i,o inxerpyBanna, aHaii/i^eMO, mo 


lim (k) = -NT. 

/3->0 \ / 2 


(46) 


Mh oxpHMajiH peayjiBxax, KOxpnH sGiraexBca 3 BnpaaoM i;i,eajiBHoro raay. 

JXjir 3HaHeHHa cepe;i,HBoi’ noxenplajiBHoi’ eneprii' b xpaHHpi bhcokhx xeMnepaxyp 6y;i,eMO Maxn: 

= 2^ »-° + l™ ^ E M(W-,) - 1) = 2 V 


(47) 


OCKijIBKH 


lim (PqP-q) = 1. 
/ 3 - 5-0 ^ ^ 


(48) 


06’e;i,HyK)3^H oxpHMani pe3yjiBxaxH, f\jiR BnyxpimHBOi eneprii 6araxo6o30HHoi‘ cncxeMH b rpanHpi bhcokhx xeMnepaxyp 
3;i,o6y7i,eMO xanHii BHpao: 


lim E = \\m(k\+ lim ($) = -NT + (49) 

/3^0 ' 2 2 V ^ ^ 


HKHH 36iraexBCH 3 pe3yjiBxaxoM po6oxH |55J . 


8 Mncejibni pospaxyHKH 


/],jiH HHcejiBHoro po3paxyHKy BHyxpimHBOi eneprii’ pmKoro ^He CKopncxaeMOcn 3HaH;i,eHHMH BHpa3aMH ;i,jih {Ki) (19), 
( 4 ^ 23 ) (28) i ($) (31). Bejinnnny uq 6 y 7 i,eMO mynaxH 3 a HaBe;i,eHOK) Bn in e (|)opMyjioK) (33). IIJ(o6 BHKonaxH nocxanjieny 
3a;i,any noxpiGno Bm nmcyMOByBanna nepenxn ;i,o inxerpyBanna 3 a b^ombm npaanjiOM 


E 



(50) 


y namoMy BHna;i,Ky ;i,box cyM pe npaanjio cxane peipo CKjiapnimnM: 

00 00 |<?l+fc2| 

E E E = 5)3^ / * 1*1 / 

ki +k2 H-k3 =0 

pe p — pe piBHOBancna rycxnna 6o3e-CHCxeMH. ^Jin xaKoi KBanxoBoi pipnan hk '^He Bona piana p = 0.02185A“^; 
mBHpKicxB nepmoro aayny b pipKOMy ^He npn nyjii xeMnepaxyp c = 238.2 m/c |57] . 

ripn nncejiBHHx poapaxynnax KinexHnnoi, noxenpiajiBnoi i hobhoi BnyxpimnBOi eneprii y Bnpaaax, nni nipxBopioioxB 
naGjiHJKennn napnnx Kopejinpin, mh BHKopncxoByBajiH ecJieKXHBny Macy axoMa ‘^He b pipnni |54] . naxoMicxB y anpaaax, 
HKi MicxnxB pai cyMn 3 a xbhjibobhm aenxopoM, cxo’ixB “rojia” Maca. OGrpyaxyaanna xanoro nipxopy naaepeno b po6oxi 

[sa. 


kzdkz, 


\qi-k 2 


(51) 
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Phc. 1: TeMnepaTypna aajieiKHicTB KineTH^HOi, noTenplajibHoi’ i noBHo’i BHyTpiniHboi eneprii pi;i,Koro ^He, pospaxoBa- 
HHx B HB,6.TTPT>KeHHi napHHx Kopejispin. Kpair/N — KineTHHHa enepria, Fpair/N — noTenpiajiBHa enepria, Epair/N — 
noBHa BHyTpiinna enepria, E^xp/N — eKcnepHMeHxajiBHi ;i,aHi. 



Phc. 2: Bhccok xpn- aa aoxHpHaacxHHKOBHx Kopejiapin b saacHHa KinexHaHoi’, noxenpiaaBHoi’ i hobhoi BHyxpiniHBOi 
eneprii pipKoro ^He. K^a/N — BnecoK y KinexHany enepriio, E^4^/N — BnecoK y noxenpiaaBHy enepriio, E^a/N — 
BHecoK y noBHy BHyxpiniHio enepriio. 
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I_L_ 

0.0 0.5 


1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 

T[K] 


Phc. 3: TeMnepaTypna sajieiKHicTB KineTH^HOi, noTenplajiBHoi’ i noBHo’i BHyTpiniHBOi eneprii pi;i,Koro ^He, pospaxoBa- 
HHx B Ha,6.TTPT>KeHHi “;i,BOx cyM 3a xBHjiBOBHM BeKTopoivi”. K/N — KineTH^^Ha enepria, F/N — noTenpiajiBHa enepria, 
E/N — noBHa BHyTpiniHa enepria, E^xp/N — eKcnepHMeHxajiBHi ;i,aHi. 



Phc. 4: TeMnepaTypna aajiencnicTB noTenpiajiBHoi’ eneprii’ pi;i,Koro ^He. Fpair/N — noTenpiajiBna eneprin b naGaHncenni 
napnnx Kopejinpin, F/N — noTenpiajiBna eneprin b naGanncenni “;i,box cyM sa xbhjibobhm BeKxopoM”. 





0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 


T[K] 

Phc. 5: TeMnepaTypna aajieiKHicTB KineTH^HOi eneprii pi;i,Koro ^He. Kpair/N — KineTH^Ha enepria b HaGaHacenni 
napHHx Kopejiapin, K/N — KineTHana enepria b HaGaHacenni “;i,box cyM sa xBHabOBHM BeKTopoM”. 



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 


T[K] 

Phc. 6: TeMnepaTypna aaaeacnicTB noBHo’i BnyTpiniHBOi eneprii’ pi;i,Koro ^He. Epair/N — BnyTpinina enepria b naGan- 
acenni napnnx Kopeaapin, E/N — BnyTpinina enepria b naGanacenni “;i,box cyM sa xBnaBOBHM BeKTopoM". 

9 Bhchobok 

B pin po6oTi 6yaH ananpeni BnpasH paa KineTHanoi, norenpiaaBnoi ra noBnoi eneprii b naGaHacenni “pBOx cyM aa xbh- 
aBOBHM BCKTopoM” ia BpaxyBaHHaM npaMnx rpn- i noTnpHaacTHHKOBnx Kopeaapin b ninpoKOTeMnepaTypnin piaanpi. 


14 




B rpaHHi;i hhsbkhx xeMnepaxyp j\jir BHyxpiniHboi eneprii mh oxpHMajin bjkb Bi;i,OMe anaHenHa mm caMi cjiOBa 6y- 
;i,yxB aKxyajiBHHMH i no Bi;i,HonieHHK) ;i,o rpaanpi bhcokhx xeMnepaxyp. OxpnMani Bnpaan e ;i,OBOJii rpoMia/i^KHMH. ^Jia 
i’x anajiiay Gyjin aacxocoBani nncejinni Mexo;i,H i b peayjiBxaxi 3;i,o6yxo rpa4)inne npe;i,cxaBjienna xeMnepaxypnoi aajie- 
jKnocxi Kinexnnnoi’, noxenpiajiBnoi’ i noBnoi’ eneprii’ pi;i,Koro ^He. PeayjiBxaxn, ani mh oxpnMaan b naGanacenni “;i,box 
cyM 3a xBHaBOBHM BeKxopoM” Kpaipe y3ro;i,acyioxBca 3 eKcnepnMenxaaBHHMH ;i,aHHMH b nopiBnanni 3 naGanacennaM 
napnnx Kopeaapin. 
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